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Elementary-level instruction is crucial for laying a foundation for mathematical power. Experiences in these early grades shape and, in many cases, forever fix a child's disposition toward learning and using mathematics. Early educational experiences mold and often cement habits of mathematical thinking. K-8 instruction can also help children construct a fundamental understanding of mathematical ideas needed to tackle more advanced mathematics and everyday tasks. Whether or not instruction fosters mathematical power depends on what mathematics is taught and, perhaps more importantly, on how mathematics is taught. Unfortunately, traditional instruction all too often leaves children mathematically powerless (e.g., Trafton & Shulte, 1989). 
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SUMMARY OF CHANGES IN CONTENT AND EMPHASIS † 
K-4 MATHEMATICS 
	INCREASED ATTENTION 
	DECREASED ATTENTION 

	Number 
	Number 

	◆ Number sense 
	◆ Early attention to reading, writing, and ordering
  numbers symbolically 

	◆ Place-value concepts 
	

	◆ Meaning of fractions and decimals 
	

	◆ Estimation of quantities 
	

	Operations and Computation 
	Operations and Computation 

	◆ Meaning of operations 
	◆ Complex paper-and-pencil computations 

	◆ Operation sense 
	◆ Isolated treatment of paper-and-pencil computations 

	◆ Mental computation 
	◆ Addition and subtraction without renaming 

	◆ Estimation and the reasonableness of answers 
	◆ Isolated treatment of division facts 

	◆ Selection of an appropriate computational method 
	◆ Long division 

	◆ Use of calculators for complex computation 
	◆ Long division without remainders 

	◆ Thinking strategies for basic facts 
	◆ Paper-and-pencil fraction computation 

	
	◆ Use of rounding to estimate 

	Geometry and Measurement 
	Geometry and Measurement 

	◆ Properties of geometric figures 
	◆ Primary focus on naming geometric figures 

	◆ Geometric relationships 
	◆ Memorization of equivalencies between units of
  measurement 

	◆ Spatial sense 
	

	◆ Process of measuring 
	

	◆ Concepts related to units of measurement 
	

	◆ Actual measuring 
	

	◆ Estimation of measurements 
	

	◆ Use of measurement and geometry ideas throughout 
	

	 the curriculum 
	

	Probability and Statistics 
	

	◆ Collection and organization of data 
	

	◆ Exploration of chance 
	

	Patterns and Relationships 
	

	◆ Pattern recognition and description 
	

	◆ Use of variables to express relationships 
	

	Problem Solving 
	Problem Solving 

	◆ Word problems with a variety of structures 
	◆ Use of clue words to determine which operation to
  use 

	◆ Use of everyday problems 
	

	◆ Applications 
	

	◆ Study of patterns and relationships 
	

	◆ Problem-solving strategies 
	

	Instructional Practices 
	Instructional Practices 

	◆ Use of manipulative materials 
	◆ Rote practice 

	◆ Cooperative work 
	◆ Rote memorization of rules 

	◆ Discussion of mathematics 
	◆ One answer and one method 

	◆ Questioning 
	◆ Use of worksheets 

	◆ Justification of thinking 
	◆ Written practice 

	◆ Writing about mathematics 
	◆ Teaching by telling 

	◆ Problem-solving [based] instruction 
	

	◆ Content integration 
	

	◆ Use of calculators and computers 
	

	† Reprinted from pages 20-21 and 70-73 of the Curriculum and Evaluations for School Mathematics, © 1989 by the
   NCTM, with the permission of the National Council of Teachers of Mathematics. 

	To get more information about the Standards, contact the NCTM at 703-620-9840 (extension 113), e-mail
    infocentral@nctm.org, or visit the NCTM website at http://www.nctm.org. NCTM documents and information
   can also be obtained through its fax service: 800-220-8483. 




5-8 MATHEMATICS 
	INCREASED ATTENTION 
	DECREASED ATTENTION 

	Problem Solving, Reasoning, and Communicating 
	Problem Solving, Reasoning, and Communicating 

	◆ Pursuing open-ended problems and extended problem-
  solving projects
◆ Investigating and formulating questions from problem
  situations
◆ Representing situations verbally, numerically,
  graphically, geometrically, or symbolically
◆ Reasoning in spatial contexts
◆ Reasoning with proportions
◆ Reasoning from graphs
◆ Reasoning inductively and deductively
◆ Discussing, writing, reading, and listening to
  mathematical ideas 
	◆ Practicing routine, one-step problems
◆ Practicing problems categorized by types (e.g., coin
  problems, age problems)
◆ Relying on outside authority (teacher or an answer
  key)
◆ Doing fill-in-the-blank worksheets
◆ Answering questions that require only yes, no, or a
  number as responses 

	Connections 
	Connections 

	◆ Connecting mathematics to other subjects and to the
  world outside the classroom 
	◆ Learning isolated topics 

	
	◆ Developing skills out of context 

	◆ Connecting topics within mathematics 
	

	◆ Applying mathematics 
	

	Number/Operations/Computation 
	Number/Operations/Computation 

	◆ Developing number sense 
	◆ Memorizing rules and algorithms 

	◆ Developing operation sense 
	◆ Practicing tedious paper-and-pencil computations 

	◆ Creating algorithms and procedures 
	◆ Finding exact forms of answers 

	◆ Using estimation both in solving problems and in
  checking the reasonableness of results 
	◆ Memorizing procedures, such as cross-multiplication,
  without understanding 

	◆ Exploring relationships among representations of,
  and operations on, whole numbers, fractions,
  decimals, integers, and rational numbers 
	◆ Practicing rounding numbers out of context 

	◆ Developing an understanding of ratio, proportion,
  and percent 


	

	Algebra, Patterns, and Functions 
	Algebra, Patterns, and Functions 

	◆ Developing an understanding of variables,
  expressions, and equations
◆ Using a variety of methods to solve linear equations
  and informally investigate inequalities
  and nonlinear equations 
	◆ Manipulating symbols
◆ Memorizing procedures and drilling on equation
  solving 

	◆ Identifying and using functional relationships 
	

	◆ Developing and using tables, graphs, and rules to
  describe situations 
	

	◆ Interpreting among different mathematical
  representations 
	

	Statistics and Probability 
	Statistics and Probability 

	◆ Using statistical methods to describe, analyze,
  evaluate, and make decisions 
	◆ Memorizing formulas 

	◆ Creating experimental and theoretical models of
  situations involving probabilities 
	

	Geometry and Measurement 
	Geometry and Measurement 

	◆ Developing an understanding of geometric objects and
  relationships 
	◆ Memorizing geometric vocabulary 

	
	◆ Memorizing facts and relationships 

	◆ Using geometry and measurement to solve problems 
	◆ Memorizing and manipulating formulas 

	◆ Estimating measurements 
	◆ Converting within and between measurement systems 

	Instructional Practices 
	Instructional Practices 

	◆ Actively involving students individually and in
  groups in exploring, conjecturing, analyzing, and
  applying mathematics in both a mathematical and a
  real-world context 
	◆ Teaching computations out of context 

	
	◆ Drilling on paper-and-pencil algorithms 

	
	◆ Teaching topics in isolation 

	
	◆ Stressing memorization 

	◆ Using appropriate technology for computation and
  exploration 
	◆ Being the dispenser of knowledge 

	
	◆ Testing for the sole purpose of assigning grades 

	◆ Using concrete materials 
	

	◆ Being a facilitator of learning 
	

	◆ Assessing learning as an integral part of instruction 

Mathematics is a universal language:
	












Above are mathemtatical codes sent out in space….can you decipher it?




	1. Can you decipher the cuneiform symbols? It may help to translate the symbols on the lefthand side of each tablet first. 

2. What do you notice about the first six entries of the right hand column?

	One View of Teaching Mathematics 
Although eager to begin her first year of teaching, Miss Brill harbored deep reservations about teaching mathematics."The formula for success--pardon the pun--is really quite simple," announced the veteran teacher Mrs. MeChokemchild. "Just follow the textbook. If you don't get to the last few chapters, don't worry about it. The year-end achievement test has almost no questions on stuff like ratios, statistics, and probability anyway. Focus on the important things--whole number-, fraction-, and decimalarithmetic procedures."Mrs. MeChokemchild paused and looked around to see if anyone else might be listening. Then in a conspiratorial tone, she added, "You appear to be the down-to-earth type, not like some of those radical weirdos normal schools [teachers' colleges] turn out these days. Our colleague Ms. Socrates went back to get her master's degree some years ago. They filled her head with all sorts of nonsense, and she's been off the wall ever since. Be aware, she'll talk your ear off about helping children understand mathematics and solve problems. Nonsense! Elementary school children don't need to understand math to master basic skills. Theirs is not to reason why but to know how. Besides most of them don't know enough to understand math or solve problems anyway. They just get all muddled up, and the result is confusion. Next thing you know you have an angry principal and teed-off parents on your back.""Believe me," continued Mrs. MeChokemchild who was now clearly overexcited, "It's just easier to teach them how to do it. If kids don't know something, don't mess around. Tell and show them what they need to know. Then have them practice, practice, practice. If kids are ever going to memorize basic facts and procedures, they need plenty of seatwork and homework. Believe me, it's the only way they will do well on achievement tests. And anyone with a lick of sense will tell you high achievement-test scores are the sign of a quality education. Remember, high test scores mean happy parents and school administrators.""One other thing," added Mrs. MeChokemchild, "Review. It seems that no matter how much they practice, many children forget anyway. Kids today are so lazy, and a lot of them are just plain stupid." You'll have to spend the first part of the year reviewing everything they were taught last year. Summer vacation produces the fall vacuum, if you know what I mean. Moreover, make sure you review newly-taught material after each unit and especially before the standardized test in the spring." Miss Brill was beginning to understand why she might not get to the last chapters in the textbook. 

1. Mrs. MeChokemchild's advice is based on what implicit assumptions about mathematics, children, and teaching? 

2. With which assumptions do you agree, with which do you disagree, and with which are you undecided about? 

1•1•3 TEACHING 
Mathematics teaching can be viewed primarily as a process of transmitting information (a skills approach), guiding meaningful learning (a conceptual approach), or facilitating mathematical thinking (a problem-solving approach). 

Skills Approach: Teaching for Skill Mastery. Traditionalists such as Mrs. MeChokemchild take the overly simplistic view of teaching as a process of stuffing stuff into stuffees 

To foster mastery of the basic skills necessary for higher level mathematics or everyday life, they believe that the prescribed curriculum, which largely consists of how to do basic arithmetic and geometry procedures (procedural content), must be imposed on children. To ensure the accurate rote memorization of facts, rules, formulas, and procedures, the teacher must authoritatively transmit this information to largely passive children and then ensure they practice it adequately. Student input is seen as unnecessary because mathematical knowledge is assumed to be well defined, not open to personal interpretation, or improveable---particularly by children ( Resnick, 1989). 

Conceptual Approach: Teaching for Understanding. In this approach, teaching involves helping children to understand prescribed material--why, for instance, procedures work (conceptual content). The teacher serves as a guide, ensuring that instruction fits the readiness and interest of students and that it is meaningfully memorized by them ( Ausubel, 1968). Although there is more student participation in a conceptual approach, it still entails imposing knowledge on children. 

Problem-Solving Approach: Teaching for Mathematical Thinking. In this approach, teaching focuses on fostering problem-solving and reasoning--the thinking processes necessary to conduct mathematical inquiry. A teacher serves as a consultant, helping students to choose issues to explore, to devise solution strategies, and to reach consensus. In this approach, children construct their own understandings and procedures. 


	


To promote children's willingness to learn and to use mathematics, cultivate (a) accurate beliefs about mathematics, (b) student autonomy, and (c) interest about mathematics.Foster Accurate Beliefs About Mathematics. Beliefs about mathematics and one's mathematical ability are forged in the elementary grades (e.g., Cobb, 1985).To support and enhance children's sense of mathematical power, foster by word and--more importantly--by deed accurate beliefs about mathematics. How we teach mathematics "tells" children how we view this subject and how they should view it. Thus, the most powerful way to foster accurate beliefs about mathematics is to involve children in meaningful, inquiry-based instruction. Teachers also need to explicitly advocate accurate beliefs, particularly when students announce conventional beliefs. For example, if a student notes, "I've never been able to understand math because I don't have a math mind," a teacher might initiate a discussion that underscores that, with the right kind of help, mathematics can make sense to everyone. Accurate beliefs about mathematics include: 

	• 
	Mathematics makes sense. Emphasizing connections and understanding is essential to creating this impression ( NCTM, 1989; Lappan & Briars, 1995). Children need to see that mathematical knowledge does fit together in logical ways and that there are reasons for mathematical procedures and formulas. That is, they need to understand that a fact such as 6 + 6 = 12 is related to other facts such as 12 - 6 = 6 or 2 x 6 = 12; that a procedure such as that for dividing fractions (invert and multiply) has a rationale, and that a formula such as A = 1/2b•h (the area of a triangle) actually has a common-sense basis. 

	• 
	Mathematics involves inquiry into a broad range of ideas. To help children understand that arithmetic is but one branch of mathematics, mathematics instruction should include content areas that are often not found in traditional curricula (e.g., patterns, functions, proportional reasoning, statistics, and probability). To help children recognize that mathematics is not merely content, but a way of thinking about the world and organizing our experience, regularly involve them in mathematical inquiry (reasoning about and solving problems and precisely communicating ideas). Immersion in the processes of inquiry can help them to see that "mathematics deals with ideas. Not pencil marks or chalk marks, not physical triangles or physical sets, but ideas (which may be represented or suggested by physical objects)" ( Hersh, 1986, p. 22). 

	• 
	Real mathematical proficiency involves finding patterns and solving problems. "Seeing and revealing patterns are what mathematicians do best" ( Steen, 1990b, p. 1). Real mathematical competence is gauged by problem-solving ability, not calculational proficiency. To help children understand the true nature of mathematical proficiency, emphasize searching for patterns and solving problems, not quick and mindless computing. 

	• 
	Mathematics is a dynamic discipline. Unlike its stereotypic image, mathematics is an ever growing field. Often, it is invented and adopted out of practical need. For example, the Egyptians invented simple arithmetic and geometry so that they could reset the boundary markers of their fields that the Nile flooded each spring ( Bunt et al., 1976). As it is still needed to solve new problems, mathematical knowledge continues to grow. Although most of this new mathematics is not appropriate for elementary instruction, it is important to teach mathematics in way that children see it as a dynamic and evolving body of knowledge. Exploring its history can help children understand that mathematics is a dynamic field (see the Mathematics section of SOME INSTRUCTIONAL RESOURCES on page 1-36). 

	• 
	Mathematics is for everyone. Although only a few are capable of mathematical genius, everyone is capable of developing significant mathematical competence ( NCTM, 1989). Children must understand that mathematics is not simply for a few genius but is needed by everyone (see Activity File 1.1 on the next page). For example, everyone needs to recognize how data can be misused by government, business, legal, educational, and other officials to justify self-serving or meaningless statements. Students also need to appreciate that their own mathematical competence can--with experience and effort--grow. 

	• 
	Mathematics is a social activity. Unlike the stereotypic image, mathematicians often work together or as part of an interdisciplinary 

team to solve problems. Moreover, the construction of mathematical knowledge is very much a community effort. Mathematicians build on the ideas of others, share their findings, and test each others' ideas to build a consensus about new advances. To help children appreciate the social nature of mathematics, use cooperative-learning groups, encourage whole-class dialogues, and promote small-group and whole-class efforts to reach consensus. 

Promote Autonomy. Teachers can enhance children's autonomy and, hence, their mathematical power in the following ways: 

✐Encourage the use and development of students' informal knowledge. Teachers should help students unlock the wealth and power of the informal knowledge they bring to school (e.g., Carey, Fennema, Carpenter, & Franke, 1995). Often understanding new material or solving new problems is simply a matter of applying what is already known. Many students would have a much greater capacity to solve challenging mathematical problems if only they would think to tap their informal knowledge. For example, when the division problem nine cookies shared among four children spontaneously arose in a second-grade class, children with no formal training in division drew on their everyday knowledge of fair sharing and informally solved the problem by divvying up cookies. Malik concluded the answer was 2 with one leftover; Ashley two and one-third. Note these informal solutions can later provide a basis for recognizing that 2r1 and 2 1/3 are equivalent answers for the expression 9 ÷ 4. (See also Vignettes 1 and 2 of Probe 1.2 on page 1-12 for additional examples.) 

✐Actively involve students in constructing mathematical knowledge by promoting interaction with their physical and social environments (e.g., Kamii, 1985; Yackel, Cobb, Wood, Wheatley, & Merkel, 1990). Active involvement here implies interaction that require students to be mentally active--to think. Instructional activities should engender reflection and problem solving ( Cobb et al., 1991). Indeed, as significant learning is essentially an active problem-solving process, "one of . . . teachers' primary responsibilities should be to engage students in activities that give rise to genuine mathematical problems for them" ( Cobb, 1988, p. 95). 

✐Foster self-reliance by encouraging children to discover facts and rules and to invent their own procedures and formulas. Instead of imposing definitions, say, encourage a class to discover and to refine the meaning of mathematical terms. Instead of imposing algorithms or problem solutions, encourage students to invent their own strategies. Keep in mind that, at first, anything that works is good. Refinement and efficiency can come later. In time, children can be prompted to reinvent standard algorithms or procedures. 

✐Foster autonomy by encouraging children to determine for themselves if answers are correct and by using class consensus and indirect intervention to establish mathematical truths. Instead of imposing mathematical facts, rules, procedures, solutions, and so forth by fiat, encourage the class to debate alternative suggestions and to vote for the most reasonable case. If the class deadlocks or agrees on a formulation that is incomplete or inaccurate, should a teacher ever intervene and, if so, when? A guideline we find helpful is: IF STUDENTS ARE NOT READY TO UNDERSTAND A CONCEPT, LET THEIR ERROR STAND. (After all, children can't be expected to understand everything at once.) On the other hand, IF STUDENTS ARE READY TO UNDERSTAND A CONCEPT, TRY TO POSE A TASK, PROBLEM, OR QUESTION THAT WILL PROMPT REFLECTION AND HELP THEM REFORMULATE THEIR IDEAS

Invite Interest. Teachers should focus on making mathematics instruction interesting, rather than relying on rewards and punishment to motivate students. It can be made inviting in the following ways:✐Strive for authentic or purposeful instruction--that is, create a real need to introduce or practice mathematics. CHILDREN LEARN BEST WHEN THERE IS A REAL REASON TO KNOW SOMETHING. Three ways to create a real need for learning and practicing mathematics are listed below: 

1. Take advantage of questions, conjectures, or problems that arise naturally in the classroom. If teachers listen, children ask many mathematically rich questions and make many conjectures worth pursuing. Box 1.5 (on page 1-19) illustrates how one teacher exploited a real problem for instructional purposes. 

2. Use a project-based approach to instruction. Mathematics classrooms that embody the NCTMStandards are alive with activity, and instruction is often organized around rich and important mathematical investigations, units that extend for many days, weeks, or even months ( Parker, 1993). New "nontextbook" series, such as Everyday Mathematics K-6, published by Everyday Learning Corporation, and MathLand published by Creative Publications (© 1995), and Investigations in Number, Data, and Space published by Dale Seymour (© 1996-97) provide many project ideas. 

3. Playing and inventing games are excellent ways to prompt mathematical exploration, to introduce content, and practice mathematical skills in a purposeful way. As Investigation 1.2 (on pages 1-22 and 1-23) illustrates, playing a game can lead to intriguing problems, raise interesting questions, or provide hours of entertaining computational practice.

6•1•3 TEACHING 
It took thousands of years for our ancient ancestors to construct the elegant numeration system we have today. To really understand our numeration system, children need to be given the time and opportunity to reconstruct it for themselves. 

Grouping and Place-Value Concepts 
Although constructing grouping and placevalue concepts is an enormous psychological step, with developmentally appropriate instruction it can begin as early as kindergarten. Teaching tips are outlined below. 

Introduce and practice grouping and placevalue concepts purposefully by taking advantage of problems that arise in everyday situations such as keeping game scores. Determining and labeling the number of items in large collections-collections of 25 to 100 or even more--can create opportunities for inventing, discussing, and practicing grouping strategies and place-value notation (see Activity File 6.1 below). Any game that involves keeping a running score can do the same (see, e.g., Activity File 6.2 on the next page). For additional ideas about introducing numeration concepts purposely and meaningfully, see the Marilyn Burns place-value replacement unit described on pages 6-29 and 6-30. 

Activity File 6.1: The Investigative Approach to Introduce Numeration Concepts† 
Activity File 6.1: The Investigative Approach to Introduce Numeration Concepts† 

◆ Introducing base-ten (grouping), place-value concepts ◆ K-1 ◆ Any number 

Examples of real classroom situations that 

5. conducting a science experiment or an opin- 

require enumerating large sets include: 

   ion survey (could entail tallying and count ing results--e.g., tracking weather patterns 

1. inventoring classroom supplies (might entail 

   over the course of a school year can involve 

   counting interlocking blocks, crayons, etc.); 

   totaling the number of sunny or rainy days 

2. making chains for decorations (could involve 

   each month or totaling the daily amounts of 

   counting the links to ensure a sufficient
   supply; 

   precipitation each week). 

Encourage the class to suggest and discuss 

3. preparing for an assembly could encompass
   counting the chairs to insure sufficient
   seating for the estimated audience); 

strategies for counting larger collections effi-
ciently. Children will probably suggest group-
ing and skip counting by twos, fives, and ten. 

4. getting ready for a classroom party (might
   require counting cookies, candies, or party
   favors in order to determine fair shares); and 

Two-digit numerals can be introduced as a way
of recording groupings by ten (e.g., "four groups
of ten and three leftover" can be represented
succinctly as 43). 

†Based on lessons described in "Links Between Teaching and Learning Place Value with Understanding in First
Grade" by J. Hiebert and D. Wearne ( 1992), Journal for Research in Mathematics Education, Vol. 23, pp. 98-122. 

Children need to represent by place value in a variety of ways:

Note the number 132 can be represented by 














	Activity File 6.3: Two-Dice Difference Game 

	◆ Place value + ordering two-digit numbers + difference meaning of subtraction + multidigit addition
and subtraction ◆ 1-2 ◆ Pairs of students or two teams of two students each + class discussion 

	Each player or team rolls two 10-sided dice
numbered 0 to 9 and arranges them to make the
largest two-digit number possible. The player or
team with the larger two-digit number wins the
round. Note that this aspect of the game in-
volves applying place-value and number-order
knowledge. The winner of a round is awarded
points equal to the difference of the two two-
digit numbers. For example, if Kayla's team
rolled a 5 and a 1 and Manuel's team rolled a 3
and 2, Kayla's team would score 51 - 32 or 19
points that round. Note that the game can serve
to (a) review a difference (compare) meaning of
subtraction and (b) raise the issue of how to com-
pute multidigit differences in an authentic way.
That is, it could plunge the class into a discussion
of how to determine the difference of multidigit
terms. Note that in the investigative approach,
a teacher would encourage students to draw on
their existing knowledge to devise informal
strategies for determining the difference. The 
	teacher might ask the class to consider how in-
terlocking cubes or base-ten blocks could be used
to do so. Later, the teacher could encourage
children to devise a written algorithm that
parallels and short-cuts their informal concrete
method. 

	
	The game can be played until a team
achieves a preset total such as 100 points, a pre-
set number of rounds is played, or until a preset
time is reached. Note that keeping score raises
the issues of how to perform multidigit addi-
tion in an authentic manner. Indeed, while a
second-grade class was playing the game, one
girl whose team's total was 16 and who had just
scored 16 more points asks, "How do you add
this?"4 The game had created an opportunity
to invent, share, and discuss informal mental
multidigit addition strategies or
concrete (manipulative-based) multidigit addition procedures  


