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The current reform effort in mathematics education emphasizes the importance of students' being active in their own development and understanding of mathematical ideas. The reform recommends that students read, write, and discuss mathematics as a way of developing mathematical thinking. This study emphasizes writing as a way to help students learn to think mathematically. Typically, writing has been used as a dialogue between the teacher and the student or as a product for the teacher to examine. However, this study is significant because students wrote as a preparation for discourse with the teacher and other students. Qualitative analysis was used to understand how middle school students think about and approach problems while they wrote descriptions of why and how they solve problems. For this study, students wrote detailed descriptions of their approaches to nonroutine problems and then met in groups to discuss and evaluate their approaches. In order to understand their mathematical thinking, the researcher examined students' writing, participated in and audiotaped group discussions, and interviewed students. The results of the analysis showed that rich learning experiences are possible when writing is used as a way to prepare for small group discussion in mathematics. 

In recent years writing has been used as a way to enhance learning in several subject areas. This emphasis has been referred to as the writing to learn movement. Particularly in mathematics, writing to learn emphasizes writing as a way to create conceptual understanding of the subject matter. Through writing, the learners develop the capacity to communicate their ideas and use the language of mathematics fluently. Traditional writing assumes that in order for students to write about something, they must first understand the concepts. Writing to learn takes the opposite stance. This approach uses writing to help students create an understanding of the concepts by learning to communicate their ideas while using the language of the discipline. The traditional approach assumes the use of thought to create words, while writing to learn implies the use of words to create thoughts. This need to represent and convey thoughts in words contributes to the learning process (Borasi & Rose, 1989). When writing is used as part of mathematics instruction, students become active in creating and clarifying their thoughts while they straggle to share them. 

Writing has been implemented in the mathematics classroom in a variety of ways and in many forms, including journals, reports, essays, and expository writing. Many researchers have explored using writing as a way to teach problem solving (Bell & Bell, 1985; Countryman, 1992; Kenyon, 1989; Tsuruda, 1994). In these studies, as in the present one, students responded in writing to a problem-solving prompt. Kenyon (1989) explained that when students write out their thinking processes during problem solving, they use higher level thinking skills to explain each step. These explanations allow the reader to understand the reasoning that led to the solution. Bell and Bell (1985) found that mathematical problem solving and writing use the same thought processes. Problem solving involves defining the unknown, determining what you need to know, designing a plan to solve the problem, solving the problem, and looking back at the solution strategy. The writing process involves discovering a topic, deciding what to say about it, organizing how to say it, writing a draft, and then revising the draft. Bell and Bell and Kenyon also pointed out that this thinking process does not come without regular practice. If the writing process is a way to strengthen student problem-solving and develop mathematical thinking, then the teacher must regularly incorporate its use. The use of writing as an enrichment activity does not have the same benefits as does writing as a way of learning. 

The literature supports the benefits of writing as a way to learn mathematics (Borasi & Rose, 1989; Buerk, 1990; Countryman, 1992; DiPillo, 1994: Tsuruda, 1994). However, there is little research on the use of writing as a way to prepare for discussion about mathematics. In this study, students wrote in isolation first and then met to share and discuss ideas. It is important that students anchor on a problem in their own way at their own level (Burrill, 1998). Writing, prior to discussion, allows students to explore and understand a problem at their own level before seeing the ideas of others that may be more advanced or different from theirs. When writing is followed by group collaboration, students discuss their views and learn from others. "When children are given the opportunity to talk about their mathematical understandings, problems of genuine communication arise. These problems, as well as the mathematical tasks themselves, constitute occasions for learning mathematics" (Yackel, Cobb, Wood, Wheatly, & Merkel, 1990, p. 12). The process of writing leads to group discussion and provides a foundation in which a community of learners, including the teacher, can create and discuss mathematical knowledge. 

In short, this study examines the outcomes of writing and postwriting group collaboration in a middle school pre-algebra class by addressing the following research questions: 

1. In what ways do students approach a problem when they have to write and explain a solution rather than work computationally? 

2. In what ways does writing help students understand and solve a problem? 

3. In what ways does the process of reviewing and discussing each others' work affect learning? 

Methodology 

Participants 

The students in this study used writing and group collaboration as pan of a seventh- and eighth-grade pre-algebra program in a junior high school with an approximate enrollment of 320 students. The researcher (and teacher) in this study taught two classes. Each class included a mixture of seventh and eighth graders. The seventh graders in the program were identified as gifted (93rd percentile or higher on district criteria) in this school district; the eighth graders were labeled as advanced (70-93rd percentile on district criteria). A total of 48 students, 14 seventh graders and 34 eighth graders, took part in the yearlong writing and group collaboration program. 

Seven students were directly involved in the data collection for this study. Within class, students were randomly assigned to groups, and the groups changed monthly. These students were taken from two different collaborative groups. Four of the students were eighth graders, of which 1 was male and 3 were female. The other 3 students were seventh graders; 2 male and 1 female. These two groups were chosen because they provided a fairly balanced number of males and females, as well as seventh graders and eighth graders. 

Development of Writing Program 

Within the pre-algebra course, students responded to conceptual and problem-solving prompts on a regular basis. However, the researcher examined only the problem-solving prompts for this study. The problem-solving prompts were nonroutine, open-ended problems for which students wrote solutions describing what they did and why. For example, 

 A box contains both hard candy and soft candy. There are eight more hard 
 candies than soft candies. When a piece of candy is chosen at random, the 
 probability that it is a hard candy is 3 to 5. How many pieces of candy are 
  in the box altogether? 
 

When responding to these problems, students were required to explain their reasoning that led to the solution as well as the computation involved. The teacher outlined the expectations for writing at the beginning of the school year. The teacher explained the format for writing, presented the rubric to be used for grading, and shared examples. On the first day of each writing experience, students wrote their solutions; on the second day, they discussed their solutions in collaborative groups. The teacher met with each group during group collaboration time to listen, share ideas, and review the students' written responses. After responses were shared, students revised (if they chose) what they had written. Overall, students responded to problem-solving prompts 17 times during the year. 

Research Design 

Qualitative methods were used to examine what actually happened during the writing and group collaboration when students responded to problem-solving prompts. Four sources of data were used to answer the research questions: participant observation, interviews, audiotapes of group collaboration sessions, and written solutions. As the teacher, decisions were made about instruction based on observations and interactions with students when meeting with students during group collaboration. Based on these observations, two sets of interview questions were developed. Seven students were interviewed twice for each problem-solving prompt; once following the individual writing session and once following the group collaborations session. The collaboration sessions in which students discussed their writing were also audiotaped. Finally, written papers were collected from the class. 

The written papers, interviews, and group collaboration discussions were transcribed, and the protocols were examined in accordance to the ethnographic developmental research sequence developed by Spradley (1980). Each line of the protocol is examined and, if relevant, given a descriptive code. A domain analysis was constructed by identifying coding patterns that existed within the data. Examples of some of the major domains that continually surfaced in the protocols included reasons for doing a step in a problem, with 73 occurrences in the coding, and reasons to use writing with 17 occurrences. Once domains were identified, they were examined to determine if they could be categorized into a taxonomy (example in Appendix A). The purpose of the taxonomy was to show how the domains related to the whole and how they related to each other. By using the student protocols to create domains and then taxonomies, relevant information about what happened when students participated in writing and group collaboration became apparent. 

Findings 

When students wrote solutions to problem-solving prompts, they were expected to explain their reasoning and support their choice of mathematical strategies. In doing so, the students had to examine what they were doing and why. The taxonomy shows what happened when students used writing to solve problems and then shared their writing in collaborative groups. In order to explain and support the taxonomy, one problem-solving prompt, the Carl and Kenna problem, was discussed. The prompt asks, "From their boat in the middle of the lake, Carl and Kenna swim in opposite directions toward the shore. After five minutes they were 1,350 feet apart. If Kenna swims one and a half times faster than Carl, how far does each one swim?" (When reading examples, some of the students changed the names of the characters in the scenario.) 

Understanding the Writing Experience 

In both the written and interview protocols, students demonstrated a strong awareness of their reasons for particular steps. As a result, one of the major domains that the data revealed was entitled "reasons for doing steps." This domain was evidenced during writing, interviews, and group work. There were 73 documented places in the data, either written or verbal, where the students provided a rationale for doing a step in a problem. Its consistent presence in all of the different data sources shows that students were aware of what they were doing and why. After all, it is the writer's reasons for doing steps that guide his or her path. This reasoning is the basis for the strategy that is chosen, the rationale for what is being done, and how eventual understanding of the problem occurs. 

Approaches Used to Solve Problems. By examining the students' work, the researcher found that students used a variety of strategies: students drawing pictures and diagrams, making tables or graphs, and setting up equations. The most commonly used strategy was guess and check. Interestingly, even though students used tables, pictures, and graphs, they did not identify these as problem-solving strategies. They viewed them more as ways to organize information. Students accompanied the diagrams and pictures with statements like "the first thing I did was draw a picture to get an idea." When students actually stated how they were going to do a problem, they referred to guess and check or writing an equation as approaches. 

Students used a variety of strategies, but even when two or more students used the same strategy, their thinking was never identical. In the student work (See Appendix B1-4) all of the students stated that they used guess and check. In addition, while most used a multiplication approach for guessing and checking, Appendix B3 shows a division approach. Also note that in Appendix B4, the student wrote an equation that reflected the pans of the guess and check table. Although the student could use an equation to represent or model the mathematics, he did not attempt to use it as a method for solving the problem. In the end, he used guess and check to arrive at a solution and then used the equation to check his answer. 

The last two examples, Appendix B5 and 6, are characteristic of what students labeled as a "mathematical approach" to the problem. This approach was characterized as a solution in which the writer demonstrated a mathematical understanding of the problem by using the known whole, 1,350, and breaking down using the relationships indicated in the problem. The students' understanding demonstrated by these two examples was quite different from the students using the guess and check solutions. Burrill (1998) and Buerk (1990) believed that students should be allowed to approach a problem in a way they feel comfortable with and are capable of understanding. Students have ideas about mathematics, and by allowing them to develop a personal approach to a problem, they will become empowered to try and solve problems for themselves (Buerk, 1990). 

Rationale for What They Are Doing and Why. As can be seen from viewing students' written work, they were aware of what they were doing and why. Students provided various reasons for doing a step by using words such as "I was thinking ..." "Because ..." "I realized that ..." and "It was ... so I ..." Students were looking for if-then relationships or ideas that were implied. They were able to demonstrate and explain their reasoning when presenting solutions. 

Students were also aware of their mistakes and able to reason through them. One student who concluded that the answer was 900 for Kenna and 450 for Carl reflected on her mistake in the following way: 

 I was thinking that this was more of a two [Kenna was twice Carl], instead 
 of a one and a half [times Carl]. I think I confused that. Because I had 
 five parts, which would have made them two-fifths to three-fifths, but then 
 I was thinking this [she pointed to work for Kenna] was two instead of one 
 and a half. 
 

Although this student's first written response was incorrect, when she came for the interview, she knew that her written answer was wrong and knew how to correct it. The National Council of Teachers of Mathematics (NCTM, 1989) said "that students should be encouraged to make and correct errors so that they can gain confidence in their ability to solve complex problems ..." (p. 5). Being able to reason through a problem to understand one's mistake is an important step in eventually being able to solve the problem. Ways to Understand a Problem. Based on 44 coded occurrences in the data, it was indicated that writing helped students understand a problem better as well as differently. Students indicated in interviews that this understanding occurred because they were expected to address how and why they approached a problem. For example, after being asked if writing helped understand a solution better, one student stated, "I think I do, because you have to think about it when you write it, because we are supposed to write how and why we did it and not just how we did it." Another stated, "It [writing] makes you think about it more and it is kind of like, you know, why you did it than just, `I did it.' "This student later elaborated, "I have to make myself think: I do this because ..." Although the use of the word think is vaguely defined, the statement was an indication that the student thought differently when writing a solution rather than just computing a working procedure because she had to explain her reasoning. The writing process is more reflective because students have to think about what they are doing and why in order to make their approach clear to the reader. 

When asked if writing helped students understand a problem better than when only computing an answer to a problem, one student responded, "I think so, because you can figure out what you are doing and explain it to yourself." Another indicated that she did not always think about meaning when doing computation, "I just do the steps that I have been told to do. This way [writing] you think about what you are doing, and it kind of explains the steps." When writing a solution, students have to be sure the math they are doing makes sense, so they can write descriptively about what they do. Writing in this format requires students to relate their computational choices to the relationships inherent in the problem. When students write, they find out what they know and whether it makes sense by reflecting on what they are trying to convey. 

Students' Perceived Writing Benefits. During the postwriting interview, students were asked if they thought writing was beneficial to the learning process. Three main benefits from writing were described by students: Writing helped students find their mistakes, helped them remember the problem better, and helped them understand the problem better. Some indicated that they caught their errors when they reread the papers they wrote. "Because if your writing doesn't make any sense when you are reasoning back over it, you can figure something is wrong a lot easier." Another said she found her errors while engaged in the writing process. "Because when I work it out at the top, just using the numbers, I think I have it, and then when I write it out, I think about it more, and I catch my mistakes when I write it." As well as finding errors, this student confirmed that writing helped her to think differently. 

The second benefit students attributed to the writing process was that writing helped them remember how to do a problem better. This advantage may be prompted by the fact that students met in groups to discuss their writing. A student explained, "I don't like writing it out because it takes a long time. But it helps also when you are going to do a problem in class and you go, `Oh, I remember that, we did a problem about it.' Because you remember how to do it." Perhaps this type of long-term memory effect could aid students in making connections in mathematics. 

The final benefit students attributed to the writing process was that it helped them understand a problem better. These responses were similar to the one on understanding described earlier. Yet they are different because they are more personal to the individual than the broad statements about writing in general. Students indicated that they would not have had the same insight if they had to work the problem computationally. In contrast to computational work, one student indicated that she benefited because the types of problems were more realistic: 

 I think that we just apply it to anything. You have it where we do it for 
 our own made-up subject. And sometimes I think, "How would you use this 
 [mathematical thinking]  in real life?" and this kind of makes it how it is. 
 So that you would know how to figure them [real-life situations] instead of 
 just numbers. 
 

The researcher interpreted this comment to mean that the thinking was more like what would be done in real-life situations than was working problems with only numbers. Another student responded to how writing helped learning by stating, "I think it is better this way because it clears it up, rather than just doing it in a blur like when you do math. This way I think you understand it better." These last statements indicate that writing helped the students understand in a way that computation did not. These statements also indicated that the nature of the problem caused them to think differently. The use of open-ended situations, rather than computational problems, provided a better context for the development of mathematical understanding. Understanding the Group Collaboration Experience 

When students came to the group, they brought a written solution, or attempted solutions, to share with others. Students also came to the group to view and learn from others. The writing allowed them to reason through the problem first. Within their group they could share, debate, and learn from their ideas and those of others. The NCTM (1989) stated that problem situations in which students can read, write, and discuss ideas helps them learn to communicate mathematically and develop mathematical power. In this light, writing becomes a way for each student to prepare for discourse. Writing is not just a learning experience in itself. It leads to an extended experience that students heavily identified with in the interviews. 

Sharing Written Solutions. Fifty-two of the 94 coded entries for the second part of the taxonomy revealed that by sharing written solutions in a group, students were able to increase their understanding of a problem. As the examples demonstrate, students used many approaches to solve the same problem. After viewing others' written solutions, students indicated that they might try to use another's ideas if the opportunity presented itself. The benefits of this sharing were captured when a student said of another's approach, "I would not have thought of that in a million years!" Students also indicated that they found listening to peers more helpful than only listening to the teacher. One student stated, 

 Because of the things, like when you write, you can sit there and discuss 
 with other people. And you get to see more how other people went about it, 
 and that puts more into your mind than just talking to your [teacher].... 
 Some people have different ways and sometimes it just looks easier from a 
 friend's perspective, a kid's instead of an adult's. 
 

By seeing multiple approaches, students broaden their scope of mathematical knowledge. "The simple exercise of writing an explanation of how a problem was solved not only helps clarify a student's thinking but may provide other students fresh insights gained from viewing the problems from a new perspective" (NCTM, 1989, p. 142). Assessment and Learning From Others. During the group collaboration time, students were encouraged to explore their own and others' thought processes so they could assimilate or accommodate new information with their existing knowledge (as recommended in NCTM, 1989). In the group, the students' first priority was to share and compare the written solutions. Students did this by reading their papers orally, letting others read their papers, and by verbally recapping what they did. Students then determined if they were satisfied with their solution or if they should rewrite using what they learned from sharing with their peers. 

The teacher also met with the group to view the written ideas and make sure all group members understood the written solutions. The teacher usually asked questions requiring students to verbalize their written ideas. The teacher's questioning usually led to a more in -depth analysis than students could do on their own. The teacher also shared alternative views that other groups thought of but were not present in a particular group. The written approaches that surfaced were not ranked for superiority but as other options students could use to understand the problem. McMillen, Kennedy, and Countryman (cited in Rose, 1989) stressed that, if writing is to be effective, the teacher also must share ideas with the class. Since the teacher participated in the group collaboration session, the teacher and the student, not just the teacher, were part of assessing and learning from the written solutions. 

The Group Environment. It is important to recognize that the ideas students bring to the group to share are personal, because they had to write individually first. These ideas need to be valued and respected in order for the students to be comfortable with writing and group collaboration. During the postgroup collaboration interview, students indicated that they were not intimidated to share their ideas. Students respected multiple views and knew they would have the opportunity to rewrite their solution if necessary. One student shared this view: "Once you write it down people will say it, but if they didn't write it down, I don't think everyone would discuss what they thought." When asked why, the student responded, "Because they might not feel comfortable." 

When interviewed students were asked what they contributed to the group when they shared their written ideas. One student stated, "Just the different ways that I think. I usually don't think the same way they do. They are more algebraic, where I use more pictures and shapes in my example." The interviews indicated that the ideas students believed they contributed to the learning process were the same ideas they found to be beneficial when sharing their writing in groups. These benefits included sharing their written ideas, their insights on how they thought about the problem, and different ways to think about problems. Another student observed, "We all contribute our ideas regardless of whether they are right or wrong." This final statement showed that students did not find the process of writing and then sharing their writing in groups to be threatening or uncomfortable. Sharing their writing had become a natural step in learning about the problem and about mathematics in general. 

Conclusions 

Writing, as used in this study, provided a way to activate students in their learning of mathematics as they communicated their ideas on paper and then to their peers. Writing prior to group work ensured that all students had the opportunity to explore the problem at their own level before they met with teacher and peers. Writing also increased student confidence within the group by allowing students to develop something to share with the group. By meeting in groups after writing, students discussed and shared the ideas they wrote down. In this atmosphere students actively thought about and participated in the learning of mathematics. 

The writing samples showed that students' mathematical thinking was diverse. Students brought a variety of ideas and interpretations to the classroom. The use of open-ended problems generated many different solutions that varied in sophistication and technique. The writing samples show that students were able to provide clear reasons for their steps. It was revealed that when students wrote, they broke down the problem as they explained what they were doing and why. This occurred as the students tried to reason and make sense of the problem for themselves. In computational settings the students indicated that they often followed the steps described by the teacher. They did not reflect on why they were doing these steps. 

The NCTM (1989) stated that if students are to become mathematical thinkers, they have to construct their own knowledge. This study supports the use of open-ended problems as a way to develop mathematical thinking. But it is also implied that the format used to approach a problem is as important as the problem itself. Mathematical thinking is not only developed by choosing good problems, but also from encouraging students to think about how choosing an approach is rooted in understanding the problem. 

The understanding that students developed during the individual writing process was enhanced when students shared their written solutions with others in groups. By explaining their solution and comparing it to others, students developed new perspectives on the problem. Yackel et al. (1990) contended that, when students are exposed to many approaches and try to assimilate them with their own ideas, learning occurs. Students indicated that viewing other approaches gave them ideas beyond their own that they could use in the future. It allowed them to understand the problem better by presenting them with approaches they had not thought of. By sharing their writing, students developed a pool of information and experiences to use when doing future problem solving. 

The use of writing in this study provided a way to develop mathematical thinking and help students become more efficient problem solvers. The program sought to develop a more conceptual view of mathematics, rather than a computational one. The writing prompts were chosen to address these goals, and the writing format itself served as a way to observe and assess this development. It needs to be noted that implementing a quality writing component into instruction takes time. It takes time for the students to learn to focus on what they are doing mathematically and why. It also takes time to develop a beneficial atmosphere for group collaboration. In this study, as in the work of Bell and Bell (1985) and Kenyon (1989), mathematical thinking does not come without regular practice. If writing is to benefit student understanding in mathematics, it has to be used often and as a regular part of instruction. 

As the NCTM promotes a shift in the way students learn, teachers seek ways to incorporate the standards into their classroom. Writing is one method a teacher can utilize to open up the learning environment. When the teacher is willing to step away from the front of the classroom, toward the middle, incredible learning can take place. This learning is less dependent on the teacher's ability to explain the subject matter and more dependent on the ability of the teacher to create an environment where students can think about and explore mathematics. In this study, the use of writing and group collaborative sharing cannot be separated from the environment in which it occurred. "Writing exercises are no more beneficial than tests unless they allow the student to explore, think, test, take risks, and learn through the process" (Birken, 1989, p. 34). Because students were encouraged to explore errors and revise as part of understanding the problem, they became evaluators of their own work and that of others. The teacher was no longer the authority for right answers. If the types of outcomes that were evidenced in this study are to occur, the teacher must encourage and allow the students to engage in and evaluate the process of learning. 

It was evident that when this teacher interviewed students, they brought a variety of interpretations to the mathematical situations. As active participants in the learning process, students' thinking enhanced the teacher's instruction. As the teacher, this researcher often found herself in the role of student. When reading students' writing and listening to students explain solutions, she was often amazed at how much she had not seen in the problems. She would sit back and think how grateful she was that she was not the only one contributing ideas. The use of writing followed by postwriting group collaboration, as used in this study, has the potential to allow students, as well as teachers, to learn mathematics in a new way. 
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Appendix A 

An Example Taxonomy of How Writing and Group Collaboration Affected Learning in Pre-Algebra 

Identified outcomes that occurred when students wrote solutions to problem solving prompts: 

1.1 Students, as a group, used a variety of approaches to solve problems. 

1.2 Students were able to provide a rationale for what they were doing and why when they wrote solutions. 

1.3 Writing provided a variety of ways to understand a problem better. 

1.4 Students found the writing process beneficial. 

Identified outcomes that occurred when students met in groups to discuss their writing: 

2.1 Sharing written solutions in groups led to a greater understanding of the problem. 

2.2 The teacher and the student were both part of assessing and learning from another's written solutions. 

2.3 Students perceived their collaborative group as a noncompetitive learning community. 

Appendix B 

Student Writing Samples 

Sample 1 

To do this problem, I used guess and check. To know where to start, I divided 1350 by 2. I got 675. So if they both swim at the same rate, they would've swam 675 ft. each. So I guessed a number around 675, a little lower, which is 500 for Carl's feet that he swam. Since Kenna swims 1.5 times faster than that, I multiplied 500 x1.5, which is 750. If this answer is correct, 500 (Carl's time) plus Kenna's time) should equal 1350, but it doesn't. This only equals 1250, so we're a hundred short. This means that Carl swam more than 500 feet. Let's try 525.525 x1.5 = 787.5.787.5 added to 525 is 1312.5. We are pretty close, only 37.5 off. So now I'll try 535. 535 x 1.5 = 802.5. 802.5 added to 535 equals 1337.5. This is even closer. Let's see if Carl swam 540 feet. 540 x 1.5 equals 810. 810 added to 540 equals 1350, which is how much they swam all together. This means that Carl swam 540 and Kenna swam 810. 

Sample 2 

To answer this problem, it helps to look at it visually, so draw a picture. 

[ILLUSTRATION OMITTED] 

The problem stated that N, the distance Carl swam, if multiplied by 1.5 will equal X, the distance Kenna swam. When X and N are added, it equals 1350. A good way to do this is guess and check because I don't know a simpler way. Lets say N = 500. X has to be 750 because 500 times 1.5 = that. When added, they only equal 1250, so they are too small. Lets say N = 550. 550 times 1.5 = 825. When those are added it still comes up high. Try N = 533 x 1.5 and get 799.5. Too low. 540 x 1.5 = 810. 810 + 540 = our target answer. It works because 810 is 150% of 540, and when they're added, its 1350 

Sample 3 

I addressed the problem the only way I knew how to, guess and check. First, I took 1350 divided by 1 1/2 (1.5) and got 900. I knew 900 was right in the middle because 900 and 450 is 1,350, but that's times 2, and I need times 1 1/2. So I know I would need to balance it out. So I started from 900 and worked my way down. I would try to split them up evenly, like 875 divided by 475. I got 1.84. So I made a table, and I knew I needed to go lower, so I kept splitting my numbers up and punching them into a calculator. I repeated this until I started getting in the 1.5 and a bunch of other numbers after. So I started taking off smaller and smaller amounts, and then I got it! 810 feet is swam by Kenna, and 540 ft. is swam by Carl. 

Sample 4 

First, I stated Carl equals N and Susan equals N time 1 1/2. Then I set up an equation that looks like this: N + N 1 1/2 = 1350 

Then I set up a table. The table had three parts. Carl's distance, Susan' s distance, and total distance. The table looked like this: 

 Carl's Susan's Total 
 Distance Distance Distance 
 
 1st 600 900 1500 
 2nd 450 675 1125 
 3rd 530 795 1325 
 4th 540 810 1350 
 

I used guess and check to find the answer. My first guess was 600 for Carl's distance. Then I multiplied it by 1 1/2 to get Susan's distance of 900. Then I added the two numbers together to get 1500. Then I guessed lower because I was too high on my first one. I guessed 450 for Carl's distance. I multiplied by 1 1/2 and got 675 for Susan's distance. Then I added together and got 1125. For my next guess I guessed in between 600 and 450 because 600 was too high and 450 was too low. I guessed 530 for Carl's distance. Then I multiplied by 1 1/2 to get 795. I added the two numbers together to get 1325. On my 4th guess I went in between 530 and 600 with 540 for Carl's distance. I multiplied it by 1 1/2 and got 810 for Susan's distance. I added the two numbers together and got 1350. I put the two numbers in my equation to see if it worked and it did. Sample 5 

From their boat in the middle of the lake, Carl and Karly swim in opposite directions towards the shore. After 5 minutes they are 1350 feet apart. Karly swims 1 1/2 times faster than Carl. How far has each one swam? 

Karly - 810 feet from the boat 

Carl - 54.0 feet from the boat 

First, I took 1350 and divided it into 5 parts because Karly's speed is one and a half times faster than Carl's. So Karly's speed is actually 3/2 and Carl's is 2/2, which equals 5. Next, since I got 270 when I divided 1350 by 5, I multiplied 270 by 3 for Karly's distance of 810 feet from the boat. Then I multiplied 270 feet by 2 to get Carl's distance of 540 feet from the boat. 

Sample 6 

Jeff and Donald swam 1,350 ft. from their boat in the middle of the lake in 5 minutes. Donald swims 1 1/2 times faster than Jeff. How far did they swim? 

First, I decided to work with percents until the end, where I will set up a proportion to find the number of feet. The first number to multiply by is 1.5 (how many times faster Donald swims) and equal 100 was 40. 40 x 1.5 = 60.40 + 60 = 100%. Now you have to find what percents are in relation to number of feet swam by Jeff and Donald. To do this, I will now set up a proportion. 40/100 = n/1350.40% of 1350 = 540. 60/100 = n/1350, 60% of 1350 = 810 ft. Because Donald swam 1 1/2 feet for every 1 foot Jeff and swam, the bigger number (810 ft.) belongs to him. 

Congratulations Jeff and Donald! Jeff swam 540 feet and Donald swam 810 ft. Remind me to bring you guys some prizes! 

Editor's Note: Correspondence concerning this article should be addressed to Debra I. Johanning, 1626 lake Drive, Apt. 190, Haslett, MI 48840. 

Electronic mail may be sent via Internet to johanni3@msu.edu 
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